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Abstract

Let X1,n, X2, ..., Xn,n be a triangular array of independent random
elements in a measurable space E. For ¢ < ns;, or i > nty, the X;,’s
have distribution P,, while for ns;, < i < nt;,, they have distribution
Qn. We estimate the vector 8, = (sn,,t,) of change points, by extending
Dimbgen’s (1991) method to this epidemic model. In the simple case
where P,, and @, do not depend on n, our estimator é: satisfies é:an =
Opr(’nil).

Résumé

Soit X1.n, X2,n,...,Xn,»n un tableau triangulaire d’éléments aléatoires
indépendants & valeurs dans un espace mesurable E. On suppose que pour
i < msy, oui > nty, les X; ,, ont pour loi P, alors que pour nsj, < i < nt,
leur loi est Q.. Nous estimons le vecteur 6, = (sy,t,) des points de
rupture, en généralisant la méthode de Diimbgen (1991) & ce modele de
rupture épidémique. Dans le cas simple ou P, et @, ne dépendent pas de
n, notre estimateur 6,, vérifie 6,, — 6,, = Opr(nfl).
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1 Introduction and results

A general epidemic change point model may be described as follows. For n =
3,4,..., let P, and @,, be two probability distributions on a measurable space
E and let Xy ,,X5,,...,X,,, be a triangular array of independent random
elements in F. For i < ns; or ¢ > nt},, the X;,’s have distribution P,, while
for ns} < i < nt}, they have distribution @,. Our aim is to estimate the vector
0, = (s%,t%) of change points. For a discussion on the estimation of epidemic
intervals, we refer to the introduction of [5] and the references therein. The
unknown parameter 6,, belongs to the set

T, = {(s,t) € {1/n,2/n,....,n/n}* s < t}.
For notational simplification, we shall drop the index n in s} and ¢} and put
h*:=h, =t"—s"=t, —s). (1)

Throughout the paper we adopt the following notations for the index sets
|k, m] and |m, k] where k, m are integers such that 0 < k < m < n.

Jk,m] = {ieN; k<i<m}, (2)
Im,k] = {ieN;0<i<korm<i<n}. (3)

Now for (s,t) = (k/n, m/n), introduce the empirical measures

1
s,t __ pk,m A
Pyt=ppm o= | > xis (4)
i€]k,m)]
1
Pyt =Pt = 0X, - (5)
n—(m-—k) ie%k} ’

We denote their pointwise expectations by
st .=E P>t T1IL° .= EPLS. (6)
With the weight function
wu) == u'?(1 — w2, wel0,1],
introduce the signed measure
Dyt i=w(t —s)(Pyt = PL®), (s,t) €T, (7)

and put
At =E D =1,(5,1)(Qn — Po), (8)

the second equality being to be justified in the proof of Lemma 3 below. Now
we choose a seminorm N,, on the space M of all finite signed measures on F
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and note that N, (A%Y) = |r,(s,t)|Np (P, — Qp). As |r,| has a maximum on T,
reached at (s,t) = 60, see Lemma 3, this lead us to propose the estimator

B, := arg max {NL(D;"); (s,t) € T, }, 9)

which is the generalization of Diimbgen’s estimator in the setting of epidemic
change.
We make the same assumptions as Diimbgen [2] on P,,, Q,, and N,,, namely:

a) there is a Vapnik-Cervonenkis class D of measurable subsets of E such
that
No(p) < [lpll := sup{|u(D)]; D €D}, n=3, peM;  (10)

b) there is a constant Cy > 0 and a sequence (,,) € RT such that
C n(Inn)t/?
PI'(Nn(Qn -P)> 70> — 1 and Z (nln)
Yn n—oo n /2 n—oo

If N, is non random, (11) reduces to N,(Q,, — P,) > Coy,, ! for n large
enough. If moreover P, = P and @, = @ do not depend on n, this in
turn, reduces to N, (Q — P) > Cj.

0. (11)

‘We assume moreover that

0, —— 0= (Smto), with 0 < hg :=1tg — s9 < 1. (12)

n—oo

Theorem 1. Under (12) and if the seminorms N, and the distributions P,
and Qy, satisfy the conditions (10) and (11), then

0, — 0, = Op(v2n71). (13)

The proof of Theorem 1 reduces to the proof of the Proposition 2 whose
statement requires some more notations. Equipping R? with the ¢! norm

(s, )]y = [s] + [l
we define for any positive d the ball T,(d) as
Tﬂ(d) = { (Svt) € Tn; ‘(Sat) - 9n|1 S d’YTan71 }

Proposition 2. If N,,, P,, and Q,, satisfy (10) and (11), then there is a constant
C1 > 0 such that
lim inf Pr(A,,(d)) = 1, (14)

n— o0 — 00

where the event A, (d) is defined by A, (d) := Al (d) N A with

A,(d) = { Na(D3") = No(D) < —%(s,t) = 01, (5.1) € T\ Tu(d) }

n
and

A = { Ny (D) > & }
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Figure 1: The sets T}, and T,,(d)

Reduction of Theorem 1 to Proposition 2. From (14) and the definition of A,,(d),
we can find for any € > 0 a positive d. and an integer n. such that

Vn >n., Pr(A,(d.))>1-c¢. (15)

For every w € A/ (d.), (s,t) = 0,,(w) satisfies at least one of the two following
conditions: c

N, (DI = N, (D) < —71|5n<w> — 6., (16)
or

N 2
101, (w) — O, gde%”. (17)

By (9), the left hand side of (16) is non negative, hence this inequality holds true
only if |§n (w) — 6,|; =0, in which case (17) is trivially satisfied. Consequently
8, (w) satisfies (17) for every w € A’,(d.) and in view of (15), this gives 8, —6,, =
Op:(72n71). O

2 Proofs

Lemma 3. The function r,, defined by (8) satisfies

i) |rn| has a unique mazximum on T,, reached at the point (s,t) = 0, and

|Tn(9n)| = rn(en) = w(en)~
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it) there is a positive constant C such that for n large enough,

Tn(0n) —rn(s,t) > Cl0n — (s, 1)1, (s,t) € Ty (18)

Proof of Lemma 3 i). Recalling the notations (4)—(8), we have for any 0 < k <
m < n,

1

EPhT—EP™ = 0 3 Eix,, - —— > BEix,
7,6 1k,m] (m B k) 1€]m,k] Y
_ ml_k S (e 41 (0) P + Lo ) ()Q0)
i€lk,m]
1
= (m—k) %] (Lyme 1 0P+ Ly ey ()Qn)
_ (8 (k,mn]m* k*]) g (Jm, K]0]jm*, k*])
- ( Hlk,m] Hm, 4 >P"
g (Jk, m]Nlk*,m*])  § (Jm, k]N]k", m*])
(e i) @ 19)

It is convenient to interpret the coefficients p,, of P,, and g,, of @,, in the following
way. Denote by v the uniform distribution on the unit circle. For any real
numbers s, t such that 0 < ¢t — s < 1, introduce the arc of unit circle

arc(s, t] := { exp(2miu); s <u <t}

and denote by arc(s,t]¢ its complementary arc, which may be represented as
arc(t — 1,s] or arc(t,s + 1] as well. Then we have v(arc(s,t]) = ¢t — s and
v(arc(s,t]°) =1 — (t — s). Now the coefficient g, (k/n, m/n) of @, in (19) may
be represented as the difference of conditional probabilities

an(s,t) = v(arc(s*,t*] | arc(s, t]) — v(arc(s*, t*) | arc(s, t)°). (20)

Similarly the coefficient of P, may be written as

pn(s,t) = v(arc(s*,t*]° | arc(s,t]) — v(arc(s*, t*]° | arc(s, t]°)
= (1 — v(arc(s*, t*] | arc( )) - (1 — v(arc(s*, t*] | arc(s,t]c))
= _Qn(svt)'

This establishes the second equality in formula (8) with r,,(s,t) = w(t—s)gn (s, t).
Moreover using the fact that

P(AN B) — P(A)P(B)

PALB) = PAIB) = =55 pme)
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for any probability measure P and any pair of events A, B, provided that
0 < P(B) < 1, we obtain

v(arc(s*, t*] Narc(s, t]) — v(arc(s*, t*])v(arc(s, t])
Tn(sat) = 1/2 1/2 (21)
v(arc(s, ]) / v(arc(s, t]°) /

v(arc(s*, t*] Narc(s, t]) — (t* — s*)(t — s)
- R (o ) .

for 0 <t — s < 1. As a function defined on the open band 0 < ¢t — s < 1 of the
plane with coordinates (s,t), r, is (1,1)-periodic because the transformation
s — s+ 1 corresponds to the identity on the unit circle, so

ra(s+1,t+1) =r,(s,t). (23)

Next we observe that by (s,t) — (t — 1,s), arc(s,t] is transformed into its
complementary arc, from which it easily follows that

ra(t —1,8) = —r,(s,t). (24)

Another useful transform of the unit circle is the symmetry s — s’ = s*+¢*—
s with respect to the “middle” (s*+¢*)/2 of arc(s*,¢*]. This transform preserves
the measure v, leave arc(s*,t*] inchanged up to its null-measure endpoints and
change arc(s, t] into arc[t’, s"). From this we easily deduce that

ra(s*+ " —t, 8" +tF —8) = ru(s,t). (25)

In terms of coordinates transform, the map (s,t) — (t/, s') is the symmetry with
axis the straight line D* with equation s +¢ = s* + t*. In particular the level
lines 7, = A\ are symmetric with respect to D*, see figure 3.

Combining (24) and (25) leads to

(8" +t" —s— 1,8+t —t) = —ry(s,1). (26)

The corresponding transform of the couple (s,t) is the symmetry with respect
to the point I = (3%771, %) In particular the level lines r, = A and
rn, = —A are symmetric with respect to I.

The level lines r, = 0 are easily seen to be the segments

(1 —=h*)t+h*s =s* ht+ (1 —h*)s =t
(gl){0<ts<1 (@) o<t-s<1

and all their images by the translations by vectors (4,7), j € Z. The open
segments ¢; and ¢ have endpoints (¢* — 1,t*) and (s*,s*) for the first one,
(t* — 1,t*) and (s*,s* 4+ 1) for the second one. Note also that r, could be
extended by continuity to the closed band 0 < ¢ — s < 1, putting r,(s,t) := 0,
along the straight linest —s=0and t —s = 1.

Denote by Tpz(0) the open trapezium with vertices these four endpoints (so
¢1 and ¢y are opposite non parallel sides of Tpz(0)). Similarly define Tpz(—1)
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as the symmetric of Tpz(0) with respect to I. For i = 2j, j € Z\ {0}, define
Tpz(i) as Tpz(0) shifted by the vector (j,j) and for ¢ = 25 + 1, define Tpz(i)
as Tpz(—1) shifted by the vector (j + 1,5 + 1). We note that (s*,¢*) belongs
to Tpz(0) and that r,(s*,t*) = w(h*) is positive. By an obvious connexity
argument, it follows that r, is positive on each Tpz(i) for i even and negative
on each Tpz(i) for ¢ odd, as represented in figure 2.

rn(s,t) >0

rn(s,t) <0

rol(s,t) > 0

rn(s,t) <0

rn(s,t) >0

Figure 2: Sign of 7,(s,t)

Now let us look at r, restricted to Tpz(0). The level lines r,, = A on Tpz(0)
are represented by figure 3. To describe them more precisely, we introduce
the following notations. Denote by “West”, “South”, “East” and “North” the
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segments joining (s*,t*) to respectively (¢* —1,t*), (s*,t*), (s*,t*), (s*,s*+1).
Define “South-West” as the subdomain of Tpz(0) with edges South and West
and define similarly “South-East”, “North-East” and “North-West”.

(s*,s* +1)

(t* — 1,

Figure 3: Level lines (in blue) of r,, in Tpz(0)

O

In the subdomain “South-East” of Tpz(0), i.e. when s* < s <t < t*, r,
writes (recalling that h* = t* — s*)

(t—s)—(t—s)h* t—s )1/2

ralsf) = (t— )21~ (t—9)% (1= h”(m

(27)
It follows that the level lines r,(s,t) = A for A > 0 in “South-East” part of
Tpz(0) are the segments of straight line

)\2

_ * *
—m, S§S<t§t

Lgg(N\): t—s
As A2(\2+(1—h*)%)"! increases in ), the maximal value for A is obtained when
t — s is maximal in this subdomain, i.e. when A2(A? + (1 —h*)2)~! = h*. Hence
the maximal level line in “South-East” is obtained for A = w(h*). As this line
reduce to the point (s*,¢*), r, has a unique maximum in “South-East” part of
Tpz(0), located at this point.
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In the “South-West” part of Tpz(0), i.e. when t* —1 < s < s¢*, ¢ < ¢* and
(1 =h*)t+ h*s > s*, r, writes

r(s,t) = (t —s*) — (t — s)h* _ (1= h*)t + h*s — s*

(=) 2= (=) (=821 = (t—s)"/>

Figure 4: Level lines of r,, in “South-West” part of Tpz(0)

The level line Lgw(A): r,(s,t) = X for A > 0 in this part of Tpz(0) is the
arc of the ellipse

EN: (M=h*)t+h*s—s7) =Nt —s)(1— (t—s))

obtained as the intersection of E(\) with “South-West” part of Tpz(0). Each
E()) pass through the points (s*,¢*) and (¢t* — 1, ¢*) where they are respectively
tangential to the straight linest —s=0and t —s = 1.

In addition to (s*,t*), the ellipse E(\) cross the South edge s = s* at the
point (s*,¢y), with

)\2

A2+ (1 —h*)2’
This is also the intersection point of Lgg(A) with South edge. Clearly the
maximal value of A for wich such an intersection exists is given for t) = t*
which leads again to A = w(h*). To confirm this result, let us note that the

t)\:S*—‘r
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second intersection point of E'(\) with the East edge ¢ = t* is the point (sy, t*),
where

h?
ISR
Noting that sy is an increasing function of A and that it is maximal for s) = s*,
we obtain again w(h*) as the maximal value for A. For this value of A the arc of
ellipse Lgg () reduces to the single point (s*,t*), so r,, has a unique maximum
in the “South-West” part of Tpz(0), reached at (s*,t*).

Using the symmetry of the level lines of r, with respect to D*, see (25),
we conclude that this result extends to the whole domain Tpz(0). Using the
symmetry of level lines r, = X\ and r, = —\ with respect to the point I =
(%, s*%), see (26), we deduce from this that r, which is everywhere
negative on Tpz(—1), takes a minimal value —w(h*) on Tpz(—1), located at
the unique point (t* — 1, s*). Due to the (1,1) periodicity of r,, the same holds
true for Tpz(1) with location of the minimum at (¢*,s* 4+ 1). Finally, as neither
(t* —1,8*) nor (t*,s* + 1) belongs to the triangle 0 < s < ¢t < 1, we conclude
that |r,| has a unique maximum in 7, located at 6,, = (s*,t*).

S)\:*

Proof of Lemma 3 ii). We have to check that

Tn(0n) —Tn(s,t)

Jols:t) = g 0,

has a positive lower bound on T}, \ {6, }.

First we look for such a bound on Tpz(0) and we start with its South-East
part. Noting that in this subdomain, |0, — (s,t)|1 = h* — (¢t — s) and using (27),
we have

£ilst) = (1= B2 (B2 (1 — (¢ — )2 — (1 — h)V2(t — 5)1/2)
e (h* = (t = )1 = (t =)'/
_ (L =)V (" (1= (t—s) = (1= h*)(t - 5))
(h* = (t = $))(1 = (¢ = s)V2 (R 2 (1= (= 9))V/2 + (1= ) 1/2(t — 5)1/2)
(1 _ h*)1/2
(1—(t—s)V/2(R*2(1 — (t — 8))1/2 + (1 — h*)V2(t — 5)1/2)
- (1 _ h*)1/2
R (A= (t =)+ (1= h)V2w(t —s)

Applying the Cauchy-Schwarz inequality to the denominator in this last expres-
sion, we see that it is less than

VEF 1T —h /(1= (t—8)2+(t—s)(1—(t—s5)=1—(t—s) <1.

This leads to

fa(s,t) > (1 —h*)Y2  on South-East part of Tpz(0). (28)
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Symmetrically we have on the North-West part of Tpz(0),
h* 1/2

fa(s,t) = (1 —h5)1/2(t —5) + h*l/Qw(t - 3)’

so the same trick leads to the lower bound f,(s,t) > h*'/?/\/t — s, whence
fa(s,t) > h*'/?  on North-West part of Tpz(0). (29)

To control f,(s,t) on the South-West part of Tpz(0), we simply note that
along the level line Lgy (\) we have

w(h*) — A

oD = S vy

This ratio is minimal on Ly (A) when s* +¢* — (s +t) is maximal that is when
(s,t) is one of the endpoints of the arc of ellipse Lgy (A). More precisely this
maximum is reached when (s,t) = (sy,t*) is on the West edge if h* < 1/2 and
when (s,t) = (s*,ty) is on the South edge if h* > 1/2. Both cases are already
covered by the lower bounds obtained for South-East and North-West parts of
Tpz(0). Of course the same holds true for the North-East part of Tpz(0) due
to the symmetry of the level lines of 7, and of the function |6, — (s,t)|; with
respect to D*. All this leads to

Fu(s,t) > min (B2 (1 = h*)Y2) > B*V2(1 = h*)Y2 on Tpa(0).  (30)
In T;,\ Tpz(0), r,, is negative, so r,,(0,) —rn(s,t) > r,(6,). Noting also that

for any (s,t) € Ty, |6, — (s,t)|1 is at most 2, we obtain f,(s,t) < w(h*)/2 on
this subdomain. Accounting (30), we conclude that

Tn(0n) —rn(s,t) _ 1
V(s,t) €e T, \ {0}, —————=<— > zw(h"). 31
(. €T\ {0, DTl > ) (31)
Using (12) and the continuity of w, (18) follows for large enough n. O

Proof of Proposition 2. We shall split the proof in 5 steps. Write
@((5,1)) == w(t — 5), whence @(6,) = (t* — s)/2(1 — (¢* — s%)) />, (32)

Set
Bt =Dyt — AS, (33)

with D3t and A$* defined by (7) and (8) respectively.
Step 1. We first check that

[N (D) = @(02) N (@Qn — Pu)| < (1B | = Ope(n™1/2). (34)
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Recalling (7), we have N,,(A%) = w(0,,)N,,(Q, — P,). As N, is a seminorm,
we get
‘Nn(DfL”) - Nn(AZn” < Nn(DfL" - Afzn) = Nn(BrGLn) < ||BZHH'

Hence to obtain (34), it suffices to prove that ||B%| = Op.(n=1/2).
Introduce now for 0 < s < t < 1, the centered random measures

Su(s,t):= > (6x,, — L(Xin)), So(t,s) = —S, (s, 1), (35)
ns<i<nt
S;L(S7t) = Z (5Xi,n - ’E’(Xl,n))a S;z,(tvs) = 7S;L(S7t)7 (36)
0<i<ns
or nt<i<n

where L(X,) denotes the distribution of X;,, which equals either P, or Q.
With these notations we have

Byt =w(t—s) < Sn(s,1) Sp(s,t) >

n(t—s) n(l—(t—s))

whence
. 1— (= )\ % S (s, %) tr— st \ Y28 (s, 1)
B» = — . (37)
tr — g* n 1—(t* —s%) n
By the maximal inequality (7.4) in Lemma 2 of [2], we have
Sn * gk t— g* 1/2
Pr(” (8 ’ )” Z ( 18) )<2K1€Xp<_K2772/4)
n nt/2
Choosing n = ¢(1 — (t* — s*))_l/2 and noting that 0 < 1 — (t* — s*) < 1, we
obtain
1= =)\ 2 ISu(s*, )| _ ¢ Koc?
P > < 2K —_——
r(( t— s > n =) = SRR T T — o)
<

K
2K, exp <—4202) .

For every € > 0, there is a ¢ = ¢(g) such that 2K; exp(—Kac?/4) < &, whence

(1 — (- s*)>”2 Sl 8) _ Opy(n1/2),

t* — s* n

It is clear that the same estimate holds true for the second term in the right
hand side of (37) because in the maximal inequality above the order structures
on the indexes ¢ plays no role, only the number of terms matters. Thus the
verification of (34) is complete. O
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Step 2. We show now that for some constant C’ > 0,

O/
Pr(Nu (D)= Na(Dir) < By =Bl = l(s,)~0uly, Y(s1) € Tn) 1

(38)
Recalling (32) and (12), we note that w(6,,) converges to w(#) which belongs to
(0,1). Combining this with (11), we obtain for any constant C; in (0, Cow(6)),

Pr(@(0) N (Qn = Po) = %) — 1. (39)
From (34), (39) and the fact that by (11), n='/2 = o(v;;!), we deduce that
Pr(N,(Df) > Civ, ') —— 1, 0< C1 < Cow(h). (40)

From (8) and the fact thact that r,,(6,,) = w(6,) we get Q,, — P, = A% Jw(6,,),
whence
st (8, t) 0

Recalling that D' = BS' + AS! we can write
Dyt = Byt - Bl 4 B+ D s
w(0n)
0,) — (s, t) 7 (0n)
— pst_ pBon _ Tn (0 n\5b) AOn n\Yn) A0 | gon
R BO» Tn(0n) —n(s,t)
= B3 — Bl — (rn(0,) — a(s,1)) = (gn) — e Do
n(0n) Ao 6
= APr + Bor
+ T(6,) =" + b,

an T (6n)

— st _ RO _ Tn(Un) — Tnls, ~ n
= B, B, ( (6) ( t))w(en) w(0n)

rn(s,t)

Di» + Bi».

Finally
Bur | 1l o,
w(0,)  w(by)

By triangular inequality for the seminorm N, and domination of N, by the
norm || ||, it follows

D5t = B3t — B — (ry(0) — a(s.1))

B2, (st

Nu(D3) < 1By = Byl + (ra(0n) — 7a(s, 1)) a6 T mey

N (Dyy).

Substracting the equality N,,(D%) = T,Jj‘((g:)) N, (D), this gives

s s 70 (0n) — (s, 1)
N (D5) = Ny (Df) < 135 = Bl + 2Tl (1t - N, (D))
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Now from (34) and (11) we have

0

_ w(6,
No(DO) > (0N, (Qu — Py) — | B 007) _IB%,

with probability tending to 1 as n goes to infinity. Plugging this lower bound in
probability in the above estimate of N,,(D3*)—N,, (D), we obtain the following
inequalities, which are to be understood “with probability tending to 17:

) N(DP) < B B ) (D) (o o E(60)
Na(Dy') = Na(Dir) < 1By = Bl 4+ 252 gmess (2Bl | = Go )
n(0n) — (s, t) 27, || BS»
< Bs,t_Ben _7"( ’ _ n
< By - Bl — (- S )
Tn(0n) —Tn(s,t
< Byt Byl - O =T (o),

n

since by (34), ||B%|| = Op,(n~'/?) and by (11), n='/24,, = o(1). Combining
this upper bound with (18), we obtain (38). O

Step 3. In this step we explain why the proof of Proposition 2 reduces now to
the proof of

|(s,8) = Ol

n

lim lim inf Pr(||B;»t — Bl <"

V(s,t) € Tna \ Tn(d)) —1,
d—oo n—00
(41)
for any constant C"” > 0, where T, o := {(s,t) € T,;a <t—s<1—a} and a
denotes any positive constant such that a <ty — sg, see (12).

Using exponential inequality to control S, (s, t), it is not difficult to see that
| B5t — BY|| is bounded in probability uniformly on 7T}, by n~'/2L(n). Hence
when |(s,t) — 0|, is bounded from below by a positive constant, | Bt — Bfx||
is negligible compared to C’~,,!|(s,t) — 0,|,. This happens in particular when
(s,t) satisfies either 0 <t —s <aort—s>1—a. Then we can find a constant

C" € (0,C") such that

1"
Pr(Na(Dy') = Na(Dir) < ~ (5, 0uly, (s, 1) € T\Ta) —— 1. (42)
’yn n—oo
Next for (s,t) € Tp,q, (s,t) may be close to 6,, so we shall no more neglect
| Bt — BY || compared to C'v;,Y((s,t) — 6,|;. Obviously (38) implies that

n

C/
Pr(Nu (D) = Na(Df) < B3 =Bl == 1(5,0)=bul, ¥(5.0) € To.a\T(d))

n
tends to 1 as n tends to infinity. Then we have

1
Pr(Nau(D3) ~ Nu(DJ) <~ = [(5,0) — O]y, Y(s.1) € T\ Tu(d)) >
Tn
s O/ O//
Pr(IBy Bl = 1(5)=0nly < ———I(s,)~nly, ¥(5,) € Tua\T(d)) ~o(1)

c'— " "

n

= Pr(|1By" - BY| < [(5:1) = Ouly, ¥(5,8) € Toa \ Tuld)) = o(1).
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Hence with C""" := ¢’ — C"” > 0 and accounting (42), the proof of Proposi-
tion 2 is reduced to the proof of (41). O

Step 4. Next we reduce the proof of (41) to that of

lim lim inf Pr (V(s, £) € Tha \ Tn(d),

d—oo n—oo

1, (5, 5%) + S (£, )| < K%(s,t) —0u) =1, (43)

for any positive constant K, where S,, denote the sums of centered random
measures defined by (35).

First we need to express the increment BS? — B in terms of S, S%. It is
convenient to write

Byt = Ap(st) — AL (s, 1),

with S, 15, L= (t—s)\1/2
A, = v Al e v(s, t) = (ﬁ) .
Then we have
An(s,t) = An(0n) = (v(s,t) — v(gn))w I U(en)Sn(s,t) ; Sn(0)
= (v(s,t) —v(0n)) Sn(;’t) v(ﬁn)sn(s’s*) J?; ol )
and similarly
, , 1 1 \S(s,t) 1 S/ (s,8%)+ S, (t%,1))
Al ) = A3 (60n) = (v(s,t) B v(@n)) n v(6,) n '
This leads to
Byt = By = (v(s,t) - v(en))sn(;’t) - (U(Sl s U(;n)> S:l(;’t) + Ra(s,1)

where

* * ! * 1 (%

n v(6y) n

Let us note that this expression of R,, can be simplified by using the equality
S/ (s,8) = Sp(0,1) — Sp(s,t), which gives

S (s,8*)+ S, (t"t) = Sn(0,1) —Su(s,s*) —Sh(t,t%)
= 5n(0,1) = Sn(s,5%) = Sn(0,1) + Sn(t, %)
= —Su(s,s7) = Sa(t", 1),
whence

R, (s,t)

I
VS
<
—
)
3
~
_|_
<
—~
>
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The functions v and 1/v are uniformly Lipschitz continuous on T}, ,. Hence we
can find a constant k, depending only on a such that for every n > 2 and every
(s,t) € Tha,
Sz, s*
1Bt = BY — Ro(s,0)]| < il (s, 1) — 6]y maxe 122501
z€[0,1] n

By the maximal inequality (7.4) in Lemma 2 of [2], it follows that for every (s,t)
in T, q,

|B3t — B — Ry(s,8)|| < KaZnl(s,t) = On|y, with Z,, = Op(n"'/?),  (45)

where the random variable Z,, do not depend on (s, t).
From (45), we deduce that for any positive constant C"”,

"

C
Pr(|1By - B || <
Tn

(s,8) — 0], Y(s,t) € Tn,a\Tn@z)) >

"
i — KaZn)|(5,6) = Ouly, V(s,) € T\ Tu(d)) =

"

Pr(I1Ra(s,0)] < (

Pr (11 (s,57) + St )| < nid(0) (T = raZn ) I(5:8) = s,

n

V(s,1) € Toa \ Ta(d))-

Now, put &, := Pr(26a7Z, > C”). Reminding that 6,, converges to 6 =
(so,to) with 0 < tg — sg < 1, we have some integer ny such that for n > ng,
w(6y) > w(0)/2. Then we obtain

"

Pr( 1Byt — B < S 1(5,6) — Buly. Vls.t) € T \ Tul@) >
C"(0)n
4y

n

Pr(V(s,t) €T o \Tn(d), [|Sn(s,s™) + S,(t", )] < [(s,t) — 0n|1) — €n.

In view of (11) and of the estimate Z, = Op.(n~'/2), &, converges to zero.
Now, with K = C"'w(0)/4, it is clear that (43) implies (41). O

Step 5. Switching to the complementary event in (43), it remains to prove that

lim lim sup Pr (El(s, t) € Thno \ Tn(d),

—0 n—oo

n
[80(s,5%) +Su(t, )l > K l(s1) = 6uly) =0, (46)
for any positive constant K. So, let us look for a suitable upper bound for

pi= Pr(EI(s,t) € Tn.a \Tn(d), [|Sn(s,8")+Sn(t*, 1) > ?Ks,t)—&nh). (47)

n

Following the notational simplifications and the argument given in [2], let us
introduce for fixed n > 2, the sequences of independent random variables (¥;);>1
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and (Y;*);>1, where the Y;’s have distribution P, and the Y;*’s have distribution

(3

Q.- Define then

m m

T = Oy, = Pn), Zp = (6y: — Qn).

i=1 i=1

By Lemma 4 below, the convergence (46) will be established if we prove that
for arbitrary constant K’ > 0,

1
d’

—00 n—oo n

K/
im limsupPr( max m~ | Z,| > —) =0, (48)
m>d'y2 v

together with the same convergence with Z, replacing Z,,. Now the proof
is finished exactly as in [2]. We remind the argument for reading convenience.
The sequences (m ™| Zy, || )m>1 and (m™1|| Z% || )m>1 are reverse submartingales.
Then by Chow’s inequality we have

Tn

- K’ B
Pr(mrglz}a(@m N Zwll > 77) < ﬁE(m(]l”Zmo”)v

where mg = mg(n) is defined as min{m € N; m > d’y2} and the same holds
true with Z}, instead of Z,,. Using the following exponential inequality (e.g.
(7.1) in Lemma 1 of [2])

Pf(”jm i_n; (0v, = )| = n) < Ky exp(—Kan?), 1> 0,

1/2

and noting that 7, < d’'~'/2mg(n)'/2, we obtain

%E(WJIHZWOH) < %mo(n)‘l/QKl/O exp(—Koz?)dz < K"d' /2,

with a positive constant K”. The same being also satisfied with Z;, instead of
Zm,, the convergence (48) follows. O

To complete the proof of Proposition 2 it remains only to prove Lemma 4. [

Lemma 4. The probability p defined by (47) satisfies for every n large enough
K’ K’

p< 24Pr( max_ m~ Y| Z,|| > —) —|—24Pr( max_m~ | Z5 || > —), (49)
mZd"Yﬁ Tn mZd/’Yﬁ Tn

with d = d/2 and K' = K/8.
Proof. Let us note that

. D oo D
V(s,t) € Tpo \Tn(d), |s—s"|> oy O [t —t*| > o (50)
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In this proof it is convenient to map for fixed n, the set of indexes k =1,2,...,n
into the unit circle by the transformation s = k/n +— exp(2irs). Thus any
partial sums of Y;’s or of Y;* involved in the current proof may be viewed as
indexed by some arc of the unit circle. Such an arc will be defined by its initial
and final points and a sense of rotation from initial to final point (clockwise and
anticlockwise senses will be denoted by the superscripts © and O respectively).

With this convention, we put for 0 < s <t <1,

Zo= Y (bvi=Pa), Z0= Y (bv, = Pa).

ns<i<nt 0<i<ns
or nt<i<n

We define similarly Zf? and Z;?, substituting Y; by Y;* and P, by Q.. Note
also that th = Z,%.

We split T4 \ Tr(d) in 6 subdomains corresponding to the configurations
1-6 below. To prove (49), it suffices to check that in each subdomain, we can
express S, (s, s*) + S, (t*,t) as a combination of at most 4 partial sums Z or Z*
having each a number of terms at least dy2/2 and at most 2n|(s,t) — 6,|,. Of
course by independence and identical distribution of the Y;’s, we have for any
fixed 0 < ug < t, Pr(||Zgoyt|| > ¢) = Pr(||Zi—u,|| > €). In each configuration, we
shall introduce somewhat artificially some shifts of s* and t* denoted by s* and
t*, whose definition shall vary with the configuration. The interest of such new
endpoints is to avoid to distinguish the three subcases where |s —s*| < dy2 /(2n)
or |t —t*| < dv2/(2n) or both are bigger than dvy2/(2n). The points s* and t*
will be chosen, when needed, in order that the involved arcs starting from these
points contains a number of indexation points between dvy2 /2 and 2n|(s, t)—0,|.
Before looking at each configuration, let us note that, due to membership of 6,
in T, , for n large enough, we have y2 = o(t* — s*). So from now on, let us
work with n large enough to have

n(t* — s*) > 3dvy?2 /2. (51)

Configuration 1: 0 < s <t < s* < t*, see Figure 5. Then

Sp(s,8%) + S, (t", 1) = th - Z:gt*.

Figure 5: 0 < s <t < s*

In this configuration, t*—s* < |(s,t)—6,|;. So, accounting also (51), the sum
Z;‘gt* is suitable for our purpose. To control Z7, it is convenient to introduce

S



VI - 20

s* := s* + ky,/n, where k, is the integer part of dv2/2 and write
th = Zsci,s - qu,t'

The number of terms in each of the sums ng and Zg,t is at least dy2 /2 and
at most n(s* — s) which is less than dy2/2 + n(s* — s) < 2n|(s,t) — On];-

Configuration 2: 0 < s < s* <t < t*, see Figure 6. In this case we have
Sn(s,s") + Sn(t",t) = Zsc’)‘,s - ijﬁ*?t = Zs(z,s - Zso*,s* - Z:*(,)t + Zt**c,)t*’

where s* := s* + k,,/n and t* :=t* + k,, /n.

Figure 6: 0 < s <s* <t <t*

Clearly each of these four sums has a number of terms bigger than dv2/2
and smaller than 2n|(s,t) — 0,|;-

Configuration 3: 0 < s < s* < t* <t <1, see Figure 7. In this case we have
Sn(S, S*) + Sn(t*7t) = Zsc’)‘,s + th,t = ng,s - ZS,S* + Zg,t - Zzg,t*’

where s* := s* + k,,/n and t* :=t* — k,, /n.

Figure : 0 < s <s* <t* <t <1

Again the four sums Z in the right hand side above have each a number of
terms between dv2 /2 and 2n|(s,t) — 0,];.

Configuration 4: s* < s <t <t*, see Figure 8. In this case we have
Sn(87 8*) + Sn(t*ﬂt) = _Z:*O,s - Z:*Cft = _Z:*O,s + Z;E?s* - Zt**c,)t + Zt**c,)t*v

where s* := s* — k,,/n and t* :=t* + k,,/n.



t*t*

Figure 8: s* <s <t <t*

Again the four sums Z* in the right hand side above have each a number of
terms between dv2/2 and 2n|(s,t) — 0,];.

Configuration 5: s* < s <t* <t < 1, see Figure 9. In this case we have
Sul6,57) + 8ult* 1) = — 2300 22 =~y 4 B — 72+ T

where s* := s* — k,/n and t* :=t* — k, /n.

Figure 9: s* <s<t*<t<1

Again the four sums in the right hand side above have each a number of
terms between dv2 /2 and 2n|(s,t) — 0,];.

Configuration 6: t* < s <t < 1, see Figure 10. In this case we have
Sn(s,s%) + Sn(t*,1) = th - Zi%* = ZtQ,t - Zg,s - Z;kgm

where t* :=t* — k,/n.

t*

t* s t

Figure 10: t* <s <t <1

The three sums in the right hand side above have each a number of terms
between dvy2 /2 and nl(s,t) — 0,];. O
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3 Some concluding remarks

In view of the assumption (12), theorem 1 estimates the endpoints of the epi-
demic interval [ns},nt’] only when the lenght ¢ of epidemics is of order of
magnitude an for some 0 < a < 1. This corresponds exactly to the assumption
made in Diimbgen’s paper, where there is only one change point 6,, converging
to 0 € (0,1).

In recent papers [3, 4] the authors proposed test statistics based on some
Holder norms to detect very short epidemics of lenght In” n, v > 1. The es-
timation of the interval of epidemic in this more general setting is treated in
the paper [5] which should appear elsewhere. In this paper one estimate the
pair (s*, h*) instead of (s*,¢*). The convergence rate obtained is the same as
in theorem 1, under a condition which in the simpler case where the semi norm
N,, is non random writes

Inn

E*Nn(Qn - Pn)2 n—oo

0.

This is a generalization of the second condition in our assumption (11), where
22 is of the same order of magnitude as n by (12). The method exposed in the
current paper could be refined to obtain similar result relaxing assumption (12),
using the fact that in Lemma 3 ii), the constant C' is of the order of w(h}).
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